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Superfluid Onset and Compressibility of 4He Films Adsorbed on Carbon Nanotubes
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Third sound measurements of superfluid 4He thin films adsorbed on 10 nm diameter multiwall carbon nan-
otubes are used to probe the superfluid onset temperature as a function of the film thickness, and to study the
temperature dependence of the film compressibility. The nanotubes provide a highly ordered carbon surface,
with layer-by-layer growth of the adsorbed film as shown by oscillation peaks in the third sound velocity at
the completion of the third, fourth, and fifth atomic layers, arising from oscillations in the compressibility. In
temperature sweeps the third sound velocity at very low temperatures is found to be linear with temperature, but
oscillating between positive and negative slope depending on the film thickness. Analysis shows that this can
be attributed to a linearly decreasing compressibility of the film with temperature that appears to hold even near
zero temperature. The superfluid onset temperature is found to be linear in the film thickness, as predicted by
the Kosterlitz-Thouless theory, but the slope is anomalous, a factor of three smaller than the predicted universal
value.
I. INTRODUCTION
Carbon surfaces have been found to be ideal substrates to
study the adsorption properties of noble gas atoms [1]. The
hexagonal carbon rings form a highly ordered 2D atomic sur-
face over distances that can exceed several hundred lattice
constants, and this leads to layer-by-layer growth of the ad-
sorbed films. Studies [2, 3] with adsorbed 4He have shown
a complex series of 2D phase transitions in the first two lay-
ers, between commensurate and incommensurate solids, and
coexisting liquid and gas phases [4–8]. The third layer is
thought to primarily consist of gas-liquid coexistence, while
the fourth and higher layers are assumed to be predominantly
liquid, nowwith the underlying first two layers solid [4, 9, 10].
The onset of superfluidity in these films has shown unusual
features. Torsion oscillator measurements at low temperatures
[4] found superfluidity beginning at 1.85 layers, but it then
disappeared on increasing the coverage to 1.95 layers, and
in this region the superfluid density had an unusual logarith-
mic temperature dependence. More recent measurements [8]
have confirmed this reentrant behavior, which is quite differ-
ent from the very rapid drop of the superfluid density to zero
known to occur in the 2D Kosterlitz-Thouless (KT) transition
[11, 12] in films on more disordered substrates such as glass
[13] and Mylar [14]. It has been suggested that the superfluid
transition in this region is not due to the excitation of vortex
pairs, but arises from a density-wave ordering of low-energy
roton-like excitations [8]. On increasing the coverage the su-
perfluidity then reappeared at 2.3 layers, exhibiting the char-
acteristics of a finite-size broadened KT transition [15, 16],
and this was tentatively ascribed to the gas-liquid coexistence
which results in interconnected superfluid “puddles” of finite
radius [4].
It is only in the fourth layer that the superfluid transition
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begins to more closely resemble the characteristics of the KT
transition seen on other substrates, with a sharp drop in the
superfluid density at a critical temperature TKT . Crowell and
Reppy [4] compared their Grafoil torsion oscillator signal near
3.6 layers with the previous data on a Mylar substrate [17]
that had nearly the same value of TKT (but a different film
thickness), and concluded that the two substrates agreed “rea-
sonably well” with the KT theory. However, it is unclear if
such a comparison is entirely valid, since the surface of Mylar
is extremely rough and disordered on atomic scales. A more
rigorous test of the KT theory is the predicted universal slope
of the areal superfluid density σs at TKT [18],
σs
TKT
=
2m2kB
pih¯2
= 3.49
ng
cm2K
(1)
where m is the helium atom mass. As found previously [19,
20], σs = ρs(d − D) with ρs the bulk superfluid density, d
the film thickness, and D the effective nonsuperfluid ”dead
layer” thickness that defines the T = 0 onset thickness. As
noted below we find little evidence of normal fluid excitations
below 1 K other than vortex pairs, so ρs = ρ, the bulk helium
density, and taking one layer to be 3.58 A˚ gives the equivalent
slope
TKT
(d−D)
= 1.488 K/layer . (2)
We have tested this relation using third sound measure-
ments of 4He films adsorbed on multiwall carbon nanotubes,
and find that the measured slope is a factor of more than three
times smaller than the universal KT prediction over a thick-
ness range of 3 to 4.4 atomic layers. We have also found an
unusual linear behavior of the third sound velocity with tem-
perature at very low temperatures, with a slope that varies be-
tween positive and negative values as the film thickness varies,
with a periodicity of atomic layers. Analysis shows that this
can be ascribed to a linear decrease of the compressibility of
the film with temperature, an unusual stiffening of the film
with increasing temperature.
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FIG. 1. (Color online) Third sound speed versus film thickness near
200 mK.
II. EXPERIMENT
Third sound is a thickness wave in the film, where since
the normal fluid is viscously locked to the substrate, only the
superfluid component oscillates, giving rise to an accompa-
nying temperature oscillation. The Van der Waals interaction
between the substrate and the helium provides the restoring
force, and for an incompressible film the speed of the wave is
given by [19, 20]
c2
3
=
ρs
ρ
3 γ (d−D)
d4
(3)
where for a carbon substrate the Van der Waals constant γ is
taken as 44K(layers)3 [9]. On a cylindrical substrate the value
of γ is reduced by the curvature, but a calculation [21] shows
that for our diameter scales of 11-12 nm the reduction is less
than 1%, so we ignore such corrections.
The nanotubes used in these experiments are a commer-
cial sample of multiwall tubes with a very tight distribution of
diameters (as reported by the manufacturer [22]), 10±1 nm,
average length 2 µm, and average inner diameter 3 nm. The
tight distribution actually did not turn out to be terribly signif-
icant, as we found rather similar results [23] with a previous
nanotube sample containing a range of diameters between 8
and 30 nm. 0.69 grams of the nanotube powder are lightly
packed into a Plexiglass annulus of 3.5 cm mean diameter, 1.1
cm width, and 5 mm depth, pressed with a Plexiglass cover
containing four bolometers at 90◦ spacing. The plastic con-
tainer became necessary when preliminary results showed that
contact between the nanotubes and copper walls degraded the
temperature oscillation of the third sound. The plastic did not
particularly impair thermal contact with the adsorbed films,
as monitoring the sound velocity versus time after a typical
temperature step of 30 mK showed equilibrium was achieved
in less than 15 minutes for the thinnest films at the lowest
temperatures, which were the slowest to change. The bolome-
ters are current-biased 200 Ω Allen-Bradley resistors (from
the 1960’s) with the case half-sanded off to expose the ele-
ment; these get to hundreds of MΩ below 1 K. The current
bias was kept below 0.1 µA. Since the nanotubes remained
semiconducting below 1 K, it was necessary to interpose a
Nuclepore filter between the nanotubes and the bolometer.
It was found that a heater wire in the nanotube powder
could not excite the third sound substantially without exces-
sive dc heating, and hence a mechanical vibration source was
attached to the outside of the copper cell sealing the nan-
otube assembly: a superconducting coil positioned about 2
mm from a neodymium permanent magnet attached to a cop-
per 1 K shield. A disadvantage of the mechanical excitation
was that it also shook the dilution refrigerator attached to the
cell, leading to spurious other resonances and limiting the
maximum drive amplitude to the point where the refrigera-
tor began to heat up. A power-amplified ac signal was applied
to the coil to generate the fundamental mode of the annular
resonator (150-300 Hz) where one wavelength fits into the
mean circumference of the annulus. Slow frequency sweeps
or passband-filtered noise drive voltages were employed in the
vicinity of the resonances, with FFT analysis of the bolome-
ter signals. The FFT frequency resolution was typically 0.05
Hz, allowing the measurement of quality factors Q up to max-
imum values of about 3000, where the Q factor is the resonant
frequency divided by the full width at half maximum of the
power spectra resonances. Such high Q’s were only observed
for thicker films in the fifth layer and above, giving signal-
to-noise ratios greater than 100, but the Q factor and signal
magnitude were strongly degraded in the thinnest films near
the third-layer completion, requiring signal-averaging times
of 40-60 minutes in this regime. We could not observe any
third sound signals for coverages below 2.93 layers where the
Q factor of the sound resonance became too small (Q less than
approximately 20-30) to observe any signal even at very low
temperatures. The fundamental resonance was actually a split
resonance, split by as much as 16 Hz (proportional to the cen-
ter frequency) that probably arose from a crack or defect in
the powder packing, leading to different reflection probabili-
ties for the counter-propagatingwaves of the mode. The mea-
sured third sound velocities shown in Fig. 1 are derived from
the median frequencies.
III. RESULTS
Figure 1 shows the measured third sound speeds as a func-
tion of the helium film thickness at temperatures within about
±30mK of 200mK. The layer completion points for the third,
fourth, and fifth layers are readily evident by the maxima in
the sound velocity, and we have defined the thickness scale for
these points to be separated by 1.0 layers as expected theoreti-
cally [24]. The intermediate points are scaled by the measured
increments of added gas, with a linear scaling increasing by
about 5% due to the increasing surface area. We also checked
that the fourth layer completion point agreed to within 10%
of a prediction based on the surface area of the nanotubes
(350 m2/g) provided by the manufacturer [22]. Previous third
sound measurements on ordered surfaces have seen similar
3oscillations in the sound speed [9, 25], arising from the fi-
nite compressibility of the film. Our speeds are smaller than
those seen on a highly oriented pyrolitic graphite (HOPG)
surface [9] by a factor of about 1.7, due to an increased in-
dex of refraction n for this nanotube substrate (a third sound
speed lower than that on a flat substrate, c3 = c3,flat/n due
to geometry-dependent multiple scattering [26]). We believe
our actual index of refraction is closer to n = 2.0, as dis-
cussed further in this paper, since HOPG surfaces typically
have micron-sized crystallites that will give an index greater
than 1. An early experiment [27] on HOPG gave results that
can be interpreted as an index of order 1.3.
Temperature sweeps have been carried out at a number of
fixed film thicknesses between 3 and 4.4 layers. A sample
of three such sweeps is shown in Fig. 2, where the sound ve-
locity and the Q factors are shown versus temperature. At
low temperatures a linear variation of the frequency with tem-
perature is found, with the unusual property that the linear
slope oscillates between negative and positive values with in-
creasing film thickness. The observation of the positive slope
in Fig. 2(b) near the half-layer fill (and also seen in our pre-
vious nanotube sample [23]) shows that this is not due to a
normal-fluid excitation, since that could only decrease the su-
perfluid density, and hence the third sound velocity. Although
our original thought was that this behavior might reflect an os-
cillating thickness change in the film (an oscillating expansion
coefficient), we now believe instead that this is related to an
unusual temperature dependence of the compressibility, to be
discussed further below.
The temperature sweeps of Fig. 2 show a marked decrease
at high temperatures in both the resonant frequency and the Q
factor. We believe this is the onset of the Kosterlitz-Thouless
transition where vortex-pair excitations begin to reduce the su-
perfluid density. There is not a sharp drop in these quantities,
which is likely due to finite-size effects caused by the 10 nm
nanotube diameter. The theory of the KT transition on a cylin-
drical surface has been formulated by Machta and Guyer [28],
who find that vortex pairs of separation greater than the cylin-
der diameter become energetically unfavorable. This leads to
a finite-size broadening of the transition, a slower decrease of
the superfluid density above TKT rather than the sharp drop
at TKT seen on flat substrates. Such finite-size effects have
been seen experimentally with the KT transition of 4He films
adsorbed on porous aluminum oxide, where the pore size is
the confining length [15, 16, 29]. In measurements on a sam-
ple with pore sizes of order 10 nm [16, 29] the value of TKT
as determined by the universal line of Eq. (2) coincided with
the onset of a decrease in the superfluid density, but the drop to
zero was considerably broadened compared to that on flat sub-
strates. In the current measurements the third sound is rapidly
attenuated by the dissipation of the KT vortex pairs, and so
although the onset of the transition is readily observable, only
a small fraction of the total drop in σs can be observed.
Machta and Guyer [28] also calculated the frictional dissi-
pation arising from the motion of the vortex cores in response
to the finite-frequency superfluid currents of the third sound
on cylinders, and this turned out to be different from that of
the porous material case. In porous materials the energy land-
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FIG. 2. (Color online) Temperature sweeps for different film thick-
nesses. Arrows indicate the location of TKT , where the Q factor falls
below 200.
scape seen by the vortices is complex, and there are strong
energy barriers that restrict the current-induced motion of the
vortex pairs to stay within the pore size. The limitation of the
motion greatly lowers the dissipation of third sound, allowing
the decrease of the superfluid density to be observed experi-
mentally [15] over nearly 90% of the drop. For the cylindri-
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FIG. 3. (Color online) Superfluid onset temperatures versus film
thickness. Filled circles: our data, open circles: Ref. [4], trian-
gles: Ref. [9]. Dotted line is a fit to our data, while the solid line
is the KT prediction of Eq. [2] withD = 3.
cal geometry, however the barrier for counter-rotation of the
vortices around the cylinder is quite small, and in a cycle of
the motion the vortices can traverse net distances substantially
longer than the cylinder perimeter. Such motion gives rise to
considerable dissipation, though still less than that observed
on flat substrates. It can be seen in Fig. 2 that we are only able
to observe the decrease in superfluid density of a maximum
of about 10% of the drop before the Q value becomes so low
that we can no longer observe the signal. For all of the data in
Fig. 2 the attempts to observe the signal at 10 mK above the
highest-temperature data point were unsuccessful, even with
hour-long averaging times. Our observations are in qualitative
agreement with the Machta-Guyer theory, but we are unable
to carry out a quantitative check due to the rapid loss of signal
right at the start of the transition.
To identify the onset temperature TKT for these broadened
transitions we use as a criterion the point where the Q value
drops below a value of about 200. Since there are fluctuations
in the Q, this leads to fairly large uncertainties in the value of
TKT , of order 30-50 mK. However, since we are able to span
a relatively wide range of film thicknesses between 3 and 4.4
layers (the upper limit where TKT approaches 1 K and the
films begin to evaporate), the slope of the onset temperature
is quite well defined, shown in Fig. 3. We find a best-fit slope
of 0.477 K/layer, a factor of three less than the KT prediction,
and an onset thickness of D = 2.11 layers. Even if we had
adopted the flat-substrate criterion of total loss of the third
sound signal [13], the results would be completely similar,
with the values of TKT only shifted upwards by perhaps 50
mK. We found that our results for the KT onset in fact are
quite similar to the flat Grafoil measurements of Crowell and
Reppy [4] in the same range of film thickness (though they did
not note the disagreement with the KT slope in their paper).
We have plotted in Fig. 3 their results for the torsion oscillator
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FIG. 4. (Color online) a) Compressibility versus film thickness at 200
mK, extracted from the c3 data of Fig. 1; b) Low temperature slopes
of the third sound velocity, as in Fig. 2. The solid line comes from
assuming a linear decrease in the compressibility with temperature,
as discussed in the text.
dissipation maximum, which should be slightly above TKT ,
but scale with it. Our value of D is also consistent with their
observation of superfluidity starting near 2.3 layers. The onset
measurements on HOPG [9] did claim agreement with the KT
line with D = 3 layers, but with only two data points, shown
in Fig. 3. The accuracy of this data is unclear, since both our
results and those of Crowell and Reppy [4] very clearly show
superfluidity below 3 layers.
The compressibility of the film can be computed from the
third sound data following the calculation of Puff and Dash
[30]. The speed c′
3
including the compressibility can be writ-
ten in terms of the first sound velocity c1 as
c′2
3
= c2
3
/(
1 +
ρ
ρs
c2
3
c2
1
)
(4)
where c3 is given by Eq.(3) and the isentropic compressibil-
ity is Ks = 1/ρc
2
1
. Using our data for c′
3
with an index of
refraction of 2.0, the extracted values of Ks at 200 mK are
shown in Fig. 4(a). The compressibility oscillates with film
thickness, with minima at layer completions and maxima at
half-layer points. This is the same behavior seen in Refs. [4]
and [9], though there a 2D definition of compressibility is used
to derive the result from vapor-pressure data. The relationship
5between the two compressibilities is not entirely clear, but if
we multiply our result by kB and divide by the film thickness
then we get a value within the same order of magnitude as
those earlier results.
The data points in Fig. 4(b) show the linear slope with tem-
perature of the third sound velocity in the low-temperature
regime well below TKT . The slope oscillates both positive
and negative, in phase with the oscillation in the compress-
ibility. The solid line shows a calculation that assumes that
the amplitude of the compressibility of the film decreases lin-
early with temperature,
Ks(d, T ) = Ks(d, 0)(1 − βT ) . (5)
Such a decrease lowers the maximum third sound speed at 3.0
layers, but then raises it from the minimum value at 3.5 layers,
giving rise to the observed positive slope. To get the observed
approximate match it was necessary to take β = 0.1 K−1
and to adjust the third sound index of refraction to 2.0 (the
value used for the compressibility of Fig. 4(a)). It was also
necessary to assume that the temperature dependence of the
superfluid density at low temperatures was negligible, which
has not been measured for the nanotube geometry. The linear
slope with temperature observed with the the third sound rules
out a measurable amplitude for the T 2 temperature depen-
dence of the normal fluid component that might be expected
for a superfluid with 1D excitations [31]. There could be a
linear in T variation that could arise from 0D excitations (i.e.
purely azimuthal waves around the nanotube), but this would
have to be a very small amplitude, since otherwise the positive
low-temperature third sound slope would not be observed.
IV. DISCUSSION
There have been theoretical studies of third sound in lay-
ered helium films on carbon surfaces [10], which find oscilla-
tions in the third sound velocity with layer periodicity. How-
ever, in a major discrepancy with experiments, the velocity is
predicted to be zero at layer completion (and for a finite region
about the layer completion), and then a maximum at half-layer
thicknesses. This is just the converse of the behavior seen in
our experiments and those of Zimmerli and Chan [9], which
are a maximum at layer completion and minimum at the half-
layer points. The zero velocity in the theories arises from dis-
continuities in the chemical potential around layer comple-
tions, coming from a first-order “layering transition” where
atoms added to the film are energetically favored to fill in the
next higher layer instead of completing the nearly-filled layer,
causing the compressibility to become infinite. It is quite un-
clear why the experiments do not show any of this predicted
behavior.
The linear temperature dependence of the compressibility
which we observed even at temperatures near 100 mK was
unexpected. Our original expectation was that at temperatures
well below the energies of excitations such as rotons and vor-
tices there would be no temperature dependence at all. How-
ever, one possible source of temperature dependence could
come from a thermodynamic relation between the isentropic
and isothermal compressibilities:
Ks = KT −
α2
ρ cp
T (6)
where α is the expansion coefficient and cp the specific heat.
For the linear in T behavior to hold for very low tempera-
tures both the isothermal compressibility and the specific heat
would need to be independent of temperature. Experiments
measuring the film heat capacity on a flat Grafoil substrate
[3] found the expected 2D variation of T 2 from surface ex-
citations [31], so for the nanotubes a 0D behavior would be
needed. It is also not clear what the expansion coefficient of
the film would be, whether related to the bulk liquid helium
value, to the thermal expansion of the free surface interface
[10, 32], or to thickness changes related to changes in the very
high pressure gradients in the film. Measurements of the heat
capacity on the nanotubes would be a necessary first step be-
fore Eq. (6) could be compared with the experimental value of
β found from the third sound compressibility.
The lack of agreement with the universal KT slope in Fig. 3
is very puzzling. There is no question that the theory is correct
for 2D superfluids, with validation from extensive theoretical
and experimental work [33]. We do not believe the nanotube
geometry of our measurement makes any difference in this re-
spect, since as seen in Fig. 3 our results show the same anoma-
lous slope seen on the flat Grafoil substrate [4].
One possible explanation for the disagreement with the 2D
KT theory is if the film might in fact have 3D modifications to
its structure: ripple-like corrugations on the scale of the sub-
strate carbon-ring structure [34]. Theory has shown that the
binding potential of a helium atom is about 20% stronger at
the middle of the carbon rings than at positions right over the
carbon atoms [35]. This anisotropic potential has been utilized
in calculations [5–7, 36], and is seen to result in corrugations
of the surface, though the simulations were only carried out in
the first and second helium layers. It would be interesting if
such corrugation effects could be extended to the thicker films
we have studied, since the energy to nucleate a vortex is di-
rectly proportional to the thickness of the film. Even a small
modulation in thickness could substantially lower the super-
fluid onset temperature, by allowing an enhanced nucleation
of vortices in the thinner regions away from the ring centers.
The observations that did find agreement with the KT slope
[13–16, 29] were on highly disordered surfaces such as glass,
Mylar, and aluminum oxide, and it may be that the atomic dis-
order served to average out any corrugation effects, leading to
an effectively 2D film.
V. CONCLUSIONS AND OUTLOOK
In summary, we havemeasured the superfluid onset temper-
atures as a function of film thickness between 3 and 4.4 atomic
layers of 4He adsorbed on 10 nm diameter carbon nanotubes.
The onset is linear in the film thickness, but the slope is a fac-
tor of three smaller than the universal KT prediction. This dis-
agreement with theory does not appear to be connected with
6the curved geometry of the nanotube surface, since analysis
of the data in Ref. [4] on flat carbon (Grafoil) shows the same
disagreement. We speculate that the highly ordered carbon
surfaces may give rise to 3D modifications of the film surface,
causing enhanced vortex nucleation beyond that predicted by
the 2D KT theory.
We also found evidence of a linear decrease of the isen-
tropic compressibility of the film with temperature, even at
very low temperatures where no structural changes in the film
were expected. The reason for this increase in the film stiff-
ness with temperature is not clear. It is possible it could be
related to the thermodynamic difference between the isen-
tropic and isothermal compressibilities, but measurements of
the specific heat on the nanotube substrate will be needed to
quantify this relation.
Further measurements of helium films on nanotubes will be
necessary to understand these results. Torsion oscillator mea-
surements would allow a direct measurement of the superfluid
fraction, something that is difficult with third sound because
of the coupling with the compressibility at low temperature
and the increasing dissipation at the superfluid onset. The tor-
sion oscillator would allow a muchmore complete study of the
finite-size aspects of the onset region and comparison with the
Machta-Guyer theory [28]. It would also allow measurements
on thinner films near the re-entrant transition, for compari-
son with the flat Grafoil measurements [4]. Measurements
would also be interesting on nanotubes of smaller diameter;
nanotubes can now be fabricated with only 2-3 walls at diam-
eters of order 3 nm. In this regime the curvature could start to
play a major role.
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